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INTRODUCTION

In neuromagnetism, one tries to obtain information about
electrical currents in the brain by measuring the magnetic flux
density at several polnts outside the head. Like many other
inverse problems in physics, that of newomagnetism Iis
non-unique: there are infinitely many current distributions that

can explain the measurements,

The most common method To deal with the inverse problem is ta
utilize a model in which the current distribution is described
with a small number of parametera. However, it is often difficuit
to find a model that is simultanecusly restrictive enough to make
the problem wunique and capable of describing the essentlial
features of the current distribution. A widely used model,
suitable for interpreting the simplest field patterns, is the
current dipole [1]. The use of the dipole model in locating brain
activity presupposes implicitly that the activity is localized in
one small area f(or in several separate points). Consequently,
misleading results can be obtalned if the assumption is not

justified. In our experience, this is often the case.

In this paper, we propose a generally applicable solution to
the inverse problem: minimum nporm estimates for the souwrce
current distribution are developed. These are best estimates for
the current, when no a priori information about the source
current distribution is assumed. In this approach, one is not

farced to make arbitrary assumptions about the source current.



METHODS

We =shall apply estimaticon theory to the inverse problem of
magnetoencephalography, proposing that a linear combination of
magnetometer lead fields be used as an estimate for the current

distribution in the brain,

The Definition of a Lead Fleld

Let us denote the impressed current density with J (instead of

the commonly used J1): J =3 - oE, whereJ is the total
d ! tor | O™ tot

current density, o is the conductivity and E s the electric

field. J is the direct consequence of a change of other forms of

energy Into electrical form: It provides the ‘'battery' of

the circuit [2, p. 212], driving volume currents {oE} in the

conductor.

The lead field ﬁl of a magnetometer at loecation i 1s defined

with
B,(J) = fﬁ (r)+d(r)av , (1}

where Bitﬁ) is the =signal of the magnetometer caused by the

impressed current distribution J(r) [3,4].



Minimum Norm Estimate for the Current Distribution

Any current distribution J{r) can be considered a vector in an
infinite-dimensional linear space, indexed by the individual
points of the ordinary three dimensional space and by three
orthogonal directions at each point, In the following, this
linear space is called the current space; its vectors are denoted
by simple capital letters. The corresponding three-dimensional

vector fields are distinguished by a bar above the letter.

The Euclidean inner product of two vectors of the current space
is defined as a volume integral of the dot product of the

corresponding vector fields, viz.
(J1,J2) = JJ (r)=d, (rdy . {2)
Also the lead fields can be considered vectors of the current
space. From (1) and (2}, the output of a magnetometer is equal ta

the inner product of the current vyector and the lead field

vector:

B, = (4L . (3}
In other words, Bi is equal to the projection of the current
vector on the lead field, multiplied by the length of the lead

field vector.

A set of n magnetometer lead fields spans, in practice, an



n-dimensicnal subspace of the current space, Thus the
magnetometers measure the projection of the current vector on the
subspace. Since no information is obtained about components of
the ocurrent that are orthogonal to this subspace, a natural
choice for the estimate of the current distribution iz the
projection itself. This projection has the smallest Euclidean

norm of all the current vectors that can explain B,. Therefore,

i

it is ecalled the minimum norm estimate. We will denote it by J.

By definition, J is a linear combination of the lead field

veetors Li:

" n
J=ZwL. (4}
If the Li are orthonormal, the projection vector J is thefr sum

weighted by the magnetometer ocutputs:

- n
J=ayBL ;a=1A%/T®m . (53
1= 171

Linearly independent lead fields can always be orthonormalized.
If the magnetometers have been positioned symmetrically,
orthonormalization can be the easieat way for caleulating the
current, estimate. The solution can, however, be obtained mare

generally with the help of the pseudoinverse (See appendix A).

Let us dencte the n ¥ = -matrix formed by the lead Fields by L,

and the column vector formed by the measured values B by B:

i



T,T TyT .
L = (L] L2...Ln) H (6)

- T
B (B1 E2 . Bn) . (7}

Since Bi is the inner product of the ith row of L with J,

- 1T
B, = (Li.J) =L, (8)

we can express the relation between the maghetometer outputs, the

current distribution, and the lead fields in a concise way:

The shortest current  veoctor  capable of explaining the
magnetometer outputs can be found by multiplying the output
vector B by the paseudoinverse of L:

+

J=LE. (10)

The ecaleculation of L+ can be reduced to the determination of the

pseudoinverse of an n x n -matrix, since (Appendix A):

+

- Tawht . (11

The components of the matrix 1Ll are the inner products between

the lead fields:

T _ T _ - 7.
{LL }ij = LiLj (Li’Lj) [ L Lde (123



Using {11), we can relate equations (4} and (10):

4]
w, = 3 [h*]

(13
3 k=1

jkBk )
If the matrix LLT 1is non-singular, i.e., the lead flelds are
linearly independent, the desired pseudoinverse is simply the

inverse of the sguare matrix LLT.

So far, no assumptions about the current distribution have been
made. In practice, the current can be assumed to be zero outside
a specified region of space. Since the integration in Eq. (1) ecan
be 1limited to the source current area, it Is evident that the
integration area in Eq. (12} can be limited as well. This
assumption of a, restricted source area improves the current

estimates.

Utilization of Potential Measurements

Far older than bilomagnetism is the study of the human body with
surface potential measurements. The changes in the electrical
potentlial on the scalp are due largely to the same source
currents that are responsible for the magnetic fleld outside the
head [5]. It 1is thus clear that potential measurements can, at
least in principle, be wused to improve the quality of source

current estimates.



Let V¥V be the potential difference between two electrodes. If V

is caused by J{(r), the lead field EE(F) of the electrode pair ocan

be defined analogously with the definition (1):
V(I = JE (F)-3(F)av . (14}

We assume n magnetic field measurements B

PR Brl and m potential

measurements VT""’Vm' Generalizing (%) we can write:

M= LJ, {15)
where M is the n+m -dimensional measurement vector:

M= (B . B iV ... V) (16)
and L is the matrix composed of electric and maghetiec lead flelds

L= (Lf'ﬂ...L:IM;L$’E...L;’E)T . (1

The shortest current vector capable of explaining the measured
signals 1is obtained by multiplying the measurement vector by the

pseudoinverse of L, L':
J= LM, {18)
In brain studies, electric and magnetic measurements give

partly the same, partly complementary information [6,7].

Potentlial measurements provide information about radial source



currents, which give only a small contribution to the magnetic
field outside the head (in the aspherical model, zero
contributien) [7]. Tangential souwrce currents affect both the
electrical potential and the magnetic field. By using both
methods simultaneously, a better source current estimate can be
obtained than by either method alcne. Perhaps the greatest
obstacle in this development Is that, in practical conduetivity

geometries, the lead fields are difficult to determine [8].



RESULTS

Before applying minimum norm estimates to brain measurements,

their properties were investigated with simulations.

Point magnetometers, measuring the z-component of the magnetic
field, were assumed. The conductivity geometry was supposed to be
such that no volume currents had Lo be taken into account. This
assumption is valid, for example, in the case of a conducting
halfspace, where the conductivity i{s a function of z only. The
integration area (Egs. 1, 2, and 12) was chosen to be a part of a
plane parallel to the xy-plane. The restriction of the
integration area means that the source current is assumed to be

confined to this area.

Once the arrangement of the magnetometers had been chesen, the
signal In each magnetometer was calculated from the Ttest current
dipoles. Normally distributed random numbers, representing a
specified level of white noise, could be added to each signal.
The effect of noise could be diminished by spatial filtering,
i.e., Dby smoothing. Minimum norm estimates were caleulated from
1) pure signals, 2) signals contaminated by noise, and 3)

smoothed nolsy signals.,

The estimates are visualized with arrow maps, where each arrow
peints into the direction of the estimated current density at the
center of the arrow. The length of an arrow ia proportional to

the current density at that point. In the figures, the
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notation {(x1,y1,z1,¢1) * gy F (xn,yn,zn.¢ J} describes the test

1]

current configuration. The coordinates xi,yi,z of each dipele

i
are glven in millimeters, % is the angle between the ith dipole
and the x-axis in degrees. The locations of the test current

dipoles are shown as large arrows, The magnetometers lie on the

plane z = 0.

Simulations without Noise

We shall describe three sets of slmulation experiments, In the
first set, the area covered by the magnetometers was kept fixed,
but the number of magnetometers was varied. In the second set,
the number of magnetometers was fixed, but their mutual distance
waa varied. The third simulation tested how the structure of the

test current distribution was reflected in the estimate.

In the firat set of experiments Y4, 9, 16, 2%, and 36 point
magnetometers were placed in a planar square lattice in an area
of 80 « B0 mm?, The lattice constants were, thus, 80, 40, 26.6,
20, and 16 mm. The source current was assumed to be confined to a
square of 200 x 200 mm?® in a plane 30 mm from the magnetometer

plane. The test source was a single current dipole,

Fig. 1 shows the results of experiments with 16 and 36
magnetometers, The current estimate is more tightly locallzed
when there are 36 magnetometers than when there are only 16

magnetometers.
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Fig. 1. The effect of the number of magnetometers on the current
estimate. a) 16 magnetometers b) 36 magnetometers, Test scurce:
(0,0,-30,90°). The lattice constant in the arrow map is 10 mm.
The positions of the magnetometers over the souwce area in each

case are indicated by the orosses in the separate panels.
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The second set of experiments used 25 point magnetometers in a
square lattice 30 mm from the source current plane. The
neighboring magnetometers were 10, 20, and 30 mm from each other.
The integration area and the test current were the same as in the
first simulations. The results were similar to those of the first
set: the estimates are best localized (confined into the smallest
area) when the magnetometers are close to each other. If the
dipale is leocated outside the area covered by the magnetometers,
the estimate becomes distorted. However, even then an
experimenter would get an idea about the logation of the source
and be able to move the magnetometer array to cover the

appropriate area.

In the third set of experiments, 25 magnetometers, separated by
20 mm from each other, were assumed. The following configurations

of current dipoles were used:

a) A dipole below the center of the magnetometer array
b) A dipole 10 mm off the center

c) Two opposite dipoles 30 mm apart

d} Four dipoles on the edges of a square

e} Four dipoles in a more complicated configuration

The current estimates are depicted in Fig. 2. We notice that the
essential features of the test current configurations can be
resolved by the estimates, Here, as the test scurces consist of
current dipoles, the maxima of the estimates for the current

distribution are approximately at the sites of the test dipoles.



If the current dipole nature of the source were not assumed known
prior %o the measurement, the location of activity should be
Jjudged directly from the current estimates instead of using the

location of equivalent current dipoles.

The Effect of Noise

Uncorrelated noise was added to the test signals. The resulting
change in the minimum norm estimates was expressed by the norm of
the difference of the noisy and noiseless estimates relative to

the norm of the noiseless estimate:;
ro= fja=at /9] - (19}

Here J and J' dencte noiseless and noisy current estimates,

respectively.

In studying the effect of noise, Wwe assumed 25 magnetometers
10, 20, and 30 mm from each other. The current estimates were
calculated for noise levels with standard deviations of 0.1, 0.5,
1, 5 10, 20, and 50 % from the largest signal amplitude. The
test source was a single current dipole 30 mm below the center of
the measurement grid., The integration area for the lead fields
was, like in the neoiseless experiments, 200 x 200 mm? directly

below the magnetometer grid, 30 mm from it.
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Fig. 2. Estimates from =ignals that originated from various
source configurations. The lattice constant in the arrow map is
10 mm. Panel a) shows the configuration of the magnetometers. The
following test source configurations, depicted with the large
arrows, were used: by  (0,0,-30,0°), ¢) (0,10,-30,0%,
d) (0,15,-30,0% + (0,-15,-30,180°), e) (0,15,-30,0°) +
(15,0,-30,-90°) + (0,-15,-30,180%) + (-15,0,-30,90°),
£) (-15,30,-30,0% <+ ({15,30,-30,180°) + (0,0,-30,-90°) +

(15,-30,-30,-45°).
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Fig. 3. The norm of the difference of nolsy and noiseless current
estimates relative to the norm of the noiseless estimate. The
test ourrent source is a single dipole. The 25 magnetometers are

separated by 30 (e), 20 (+), and 10 mm (O).
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Fig. 3 shows the effect of noise on current estimates, when the
magrnetometers are 20 mm apart. We notice that the noise levels of

1% and 5 % are still acceptable, but 10 ¢ and 20 % are not.

Zimulations also indicated that:

1) The closer to each other the magnetometers are placed, the
smaller is the level of noilse that is sufficient to ruin the

estimates,

2) For each magnetometer separation, there is a typical noise
threshold, below which the current estimate is only slightly
contaminated by noise, but above which the quality of the
estimate deteriorates quickly. The nolse threshold for the
separations 10, 20, and 30 mm s about 1, %, and 15 % of

maximum signal amplitude, respectively {(Fig. 3).

3) At nigh levels of noise, current loops that are coaxlal

with the magnetometers appear in the current estimates,

Since practical neoise levels may easily distort the current
estimates, we tried amoothing to alleviate the distortion. The
methad, distance welghted least-squares approximation, is
described in [9]. The level of smoothing was determined with a
parameter, a, which was selected s0 as to minimize the
difference between estimates from smoothed and noiseless data.
Again, the test current was a single dipole. As mentioned

earlier, the maximum alicwed level of noise without smoothing is



abour 5 % from the signal amplitude. When smoothing is used,

considerably higher noise levels are acceptable (Fig. 4).

Analyzing Evoked Responses

We applied the estimation procedure to somatosensory evoked
magnetic Trields. Following an electric stimulus to the median
nerve of the left wrist, the radial field component over the
right 3ide aof the head was measured with a first-order
gradiometer (noise leveli 30 fT/vHZ) [10]. The pickup coil was
about 13 mm from the scalp., For each point of the magnetometer
grid, 70 to 100 responses were averaged. Since the diameter of
the pickup coil was only 15 mm, and the baseline was relatively
long (57.5 mm), we could approximate the device as a point

magnetometer.

Fig. 5 shows field maps [10] and minimum norm estimates for
various latencies, The baseline for each field value is the
average value during 300 ms prior to the stimulus. 30 ms after
the stimulus a clearly dipolar field pattern has emerged.
At 6D ms, we get a localized estimate for the source current,
although only cne clear extremum is seen in the iscfield contour

map.

Before calculating the current estimates, the values in each
field map were smoothed {(a = 1000 m_e). To caleculate the inner

products between magnetometer lead fields, the magnetometers were
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assumed, for asimplicity, to be situated on a plane. The
integration area was chosen to be 35 mm from the magnetometer
plane and to extend 10 mm from each side of the magnetometer

grid.

The minimum norm estimates at the latencies 30, 60, and 90 ms
are localized, with a resclution of the order of 1 cm, near the
central sulcus, about 4 com from the midline. This agrees with the
known location of the sensory projection area of the hand, At

150 ms after the stimulus, the current has been reversed,
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DISCUSSION

We have applled estimation theory to the problem of determining
scurce current distributions from measured magnetic fields. In
the procedure, nothing 1s assumed about the sowee current
distribution except that it is confined to a certalin area, for
example, the brain. In the sense of the Euclidean norm, the
estimate 18 the shortest vector in the source current space that
can  explain the measurements. The error is orthogonal to the
subspace defined by the lead filelds, i.e.,, there is no
information about the error in the measurement signals. So the
only possible way to improve the estimate is to provide scme
additional information, An example of the use of additional
information is the assumption of the dipole model in interpreting
evoked responses. This assumption is uswally quite arbitrary, and
it is often made only because it is felt that some model has to
be assumed. It would be desirable to improve the minimum norm
estimates by rfinding ways to inject some a priori knowledge or
assumptions of the experimenter, For example, one could confine
the integration area to be the cortex, or one could require that
the event in the brain be local. We emphasize that one should
make only those assumptions that are justified by prieor
knowledge. The strong assumptions implieit in the dipole model
are often not well-founded. ' Consequently, gross

misinterpretations may enaue.

We feel that minimum norm estimates are better than magnetic

isocontour maps in  eXpressing the results of magnetic field
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measurements. The magnetic field is only a medium that conveys
informaticn from the brain. Since we are primarily interested in
the distribution of activity in the brain, we should express our
results in the form of activity distributions, i.e., source
current distributions. In the transformation of data inte minimum
norm estimates, no information is lost, it is only transformed
into another form. Even if one wants to use some dipole model,
the minimum norm estimate can be the starting point. For example,
one might guess from the maxima of Fig. 2 f where some current

dipoles might be.

The simulation experiments show that our estimates can fairly
well describe the structure of the current distribution. By
increasing the number of magnetometers the eatimate can be made
more localized. If the actual current lies cutside the area

covered by the magnetometer array, the eatimate is distorted,

The quality of the estimates from noisy measurements was
poorest when the magnetometers were closest to each other. The
effect of noise could be reduced by spatially smoothing the
magnetometer outputs. After this, the highest tolerable level of
noise was about 10 % of the maximum signal amplitude. Smeothiﬁg
resul ted in a somewhat reduced amplitude for the current

estimate.

The noise level in typical evoked field studies was found to be
about 10 % of the maximum signal amplitude (Appendix C).

Consequently, minimum norm estimates can be applied successfully
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to evoked field studies, provided that the signals are smoothed

appropriately before the determination of the estimates,
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APPENDIX A
Concepts of Esatimation Theory

Let x = (xT,xg,....xm)T be a parameter vector describing some

cbject that we (investigate by measuring the vector g = (21,
22,....zn)T, whose components are linear functions of x:

m
z, = (A1)

n,.x
17 8 :
3 3%

1

ar

Hx , (4.2)

where (H}ij = hij'

Noise in the measurement can be described by adding a random
error v, to each measured value z An estimate ; is said to be
unbiased, if 1its expectation value is equal to the value of the
parameter vector, or E(;) = 2. For an errorless measurement,
Vi= 0, an unbiased estimate would give the actual value of the

parameter vector.

A linear estimator is one with the property of being a linear

combination of the components of the measurement vector.

The Moore-Penrose pseuwdoinverse, or simply the pseudoinverse,
is a generalization of the inverse of a matrix [11, pp. 19-32].

It is defined alse for singular and non-square matrices: For
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every matrix H there is the pseudainverse

H* = lim(H™H + 82D 7'HT
540

= 1im HY T + 6217 . (A.3)

§-+0

Let 2z be an arbitrary n-dimensional vector. x = 'z is the

shortest vector that minimizes the Euclidean norm ||z-Hx||2. Note
that the vector x that minimizes ||z-Hx}|? is unique only if
+

HH=I. Then the only solution of Hx = 0 is x =0, i.e., only

the null vector is mapped to zero by H.

In some special c¢ases the pseudolnverse can be obtalned from
the inverse:
1) H is a non-singular square matrix, H' = H .
2} The rows of H are linearly independent, H - HT(HHT)_T.

+

3} The columns of W are linearly independent, H' = (HTH) '!.

For every matrix H: (=, HT = wD)* ,  and

T HT(HHTJ+ o (HTH)‘HT. 53¢ we notice that the caleulation gan
always Dbe reduced to the determination of the pseudoinverse of a
symmetric matrix. It turns out that for a symmetric matrix H it

is sufficient to determine the pseudoinverse of the diagonal

matrix D, related to H by

torT (A1)

=
I

H* = TD*TT . (4.5}
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the pseudeinverse of D = diag (a1.a2....,an) is

+ + + +
D = diag (aT,aZ....,an) '

1/a, , if a, = 0
i i

0 s if a, = 0
i

+
where a = {

To diagonalize a square matrix H one has to calculate its
eigenvalues and eigenvectors. The diagonal elements of D are the
elgenvalues of H and the rows of T are the eigenvectors of H. For

a treatment of estimation thecry, see [12].
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APPENDIX B
Lead Field of a Point Magnetometer

A point magnetometer at Fi' directed to Ei, measures one

component of the magnetic flux density at that polnt:
B, = e -B(r ). (B.1)

From the law of Biot and Savart we find Bi as a function of the
current distribution J{r'}:
E _! N __'l
- Hy ['J(r balr-rt)

B =e,-—J

i i av' ., (B.2)
B

|;i-;ll3

By the definition of the lead fleld, equation (17,
_ {_ Py LI 1
E1 JLi(r' Yed(rt)dv:' . (B.3)

In certain symmetrical situations [13] the volume currents do
not affect the measured values; then J{r')} in (B.2) can be taken
to be the impressed current. By inserting a unit current dipole,

Jrr) = GEF'~F)QOE (Q =1 Am}, into (B.2) and (B.3), we find:

o . (r.=rixe.
L(F) -2 4 L, (B.4)
i ——
Um|ro-r|
i
In ealeulating the minimum norm estimates, one needs the dot

product of lead fields, We consider magnetometers 1 and 2 at 1"1
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and Fz’ with radial sensitivity axes Ei = Fi/ri, i=1,2. Then,

using spherical coordinates,

oo ug r2(009Y12~cosY1cosY2J
Ly(ri-Ly(r) = , (B.5}
2 -
1672 T (r2+ré-2rr cosy )3’
=1 i i i

where Yi is the angle formed by the vectors r and Fi' and Y is

the angle between F1 and Fz:

COEYl = cosalcosa + Sinﬂisinﬁ COS(¢1-¢} H (B.6)

cosY12 = coss]coasz + sine1sxne2cos(¢1-¢23 . (B.7)



APPERDIX C

The Level of Hoise in Evoked Field Measurements

In evoked field studies, ncise can be identified as that part
of the aqutput of a magnetometer that changes randomly from one
response to the next. The noise is from the inatrument, the

experimental subject, and external disturbances,

To estimate the noise level in evoked field measurements, we
have made use of the time-variant filter of de Weerd [14,15]. His
method is a generalization of Wiener filtering: at each moment of
time, an optimized frequency filter is applied, To get the noise
estimate, the output of the time-variant filter was subtracted
from its input (from the ordinary average). The result is what
the filter estimated to be noise., In this way it is found that a
typical noise amplitude is 5 to 10 % of the maximum signal

amplitude (Fig. 6).

Time-variant filtering cannot be used to decide how much noise
in the magnetiec field maps results because of the varying
alertness of the subject from sessicn to session. Therefore, our

noise eatimate is a lower limit to the actual nolse level.
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Fig. 6. Nolse level in evoked field studies. The component of the
magnetic field normal to the head was measured. The thick line is
an average of 100 responses from the measurement location that
gave the strongest =signals. Electriecal stimuli to the left and
right wrists were applied at 0 ms and at 1050 ms, respectively.
The thin 1lines depict noise estimates for many different

measwement locations.
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